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Abstract. In the present work we have established some new transformations and summations of basic
hypergeometric series by making the use of WP-Bailey pairs.Using multiple g-integrals and a determinant
evaluation, we establish a multivariable extension of Bailey’s nonterminating is99 transformation. From
this result, we deduce new multivariable terminating 1049 transformations, s&summations and other
identities. We also use similar methods to derive new multivariable r+t summations. Some of our results
are extended to the case of elliptic hypergeometric series.
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Introduction

For|ql < 1,(a;q), = Q1 —a)(1—-aq) .........(1 —aq™ —1);n = 1,2....
@@ =1 (9w = 1_[(1 —aq™)
n=0

(CHOP

(@@n = — 7.
" (aqn; Qe
where a is real or complex.

A Basic Hypergeometric Series is defined as

r¢s(aq,a,,a;3....a,;by,by, bs...... bs;q,z)
_ (as; Dn(az; On -+ (@r 5 Pn [(_1)nq"("2_1) ]1+s—an .
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For 0 <|q| <1, the series converges absolutely for all zif r <s and for |z| < 1 if r = s+1. This series
also converges absolutely if |q| > 1 and |z| < [b1b2...b; |/|a,a;...a; |.

In 1944, Bailey [1] introduced a very useful and simple identity known as Bailey’s lemma. The
Bailey’s lemma states that, if

n
pn = 2 ArUn—rUntr
=0

[ee]
Yn = z Or Uy —nUnir
r=n

then under the suitable convergence conditions and if change in the order of summations is allowed
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z AnVn = z Bnbn
n=0 n=0

where o, ,0; ,u; and v, are functions of r such that B, and vy, exist. The proof of the lemma is trivial.

Taking u,, = and v, = in (1.1), we have

1 1
(@Dr (aq;)r

ar

pn = rzzo (@ Dn—r(aG Dnyr

The pair of sequence (a.,,) that satisfies (1.4) is called a Bailey pair relative to the parameter a.

The Bailey lemma has been a simple and effective tool in proving Rogers-Ramanujan type of
identities and also a verity of transformations of basic hypergeometric series [2]. Slater [3, 4] used
Bailey’s lemma and gave the long list of 130 identities of Roger-Ramanujan type. After Slater the
Bailey lemma have been extensively used to prove Rogers-Ramanujan type of identities and its
generalizations [5-8]. Very recently, Warnaar [9] has written a very elegant survey of Bailey lemma.
Andrews et al [10-13] exploited very effective the mechanism of Bailey’s transform in the form of
Bailey pair and Bailey chain. In particular, WP-Bailey pair (o,,B,) [14] satisfying

B, = (k/a; Qv (k; Dngr
" prrd (Gon—r(ag;n+r

For k=01n (1.5), we get the standard Bailey pair (1.4). The relation (1.5) follows by setting u,, =

(k/a;q) r _ &Ko)y . o . .
(@D and vy @D, in (1.1). The same substitutions in (1.2), gives

_ (k@ N _(k/a;q)r(kq2n; q),
(a4 Q)zn & (@3 9)r(aq2n +159), "

n

In the present paper, we have established a number of transformations and summations of basic
hypergeometric series by making use of (1.5) and (1.6). Some interesting special cases have also been
deduced.

We define a WP-Bailey Unit Bailey pair as
_(aq Va,—-qvVaa/k;q),

A, = k/a f
" eV Vakga, O
1,n = 0,
Pn = 0,n > 0.
The trivial WP-Bailey pair is defined as

_(kk/a;q)n
Pn =——"—
(9, aq; n
_1,n =0,
n Zo,n > 0.
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A WP-Bailey pair due to Singh [15] is

_(aq Va,—qVay,za?q/kyz;qn
(q,Va,—V a,aq/y,aq/z kyz/a; 9)n

A (k/a)™
_ (ky/a,kz/a, k,aq/yz; @)n

B, = .
" (q,aq/y,aq/z kyz/a; ),

In our analysis we shall also require the following known results,
(aq,qV a/b,qV a/c,aq/bc; )
(aq/b,aq/c,qV a,qV a/bc; Q)o

1— 2 +4/b(1 - 1/a)(A% /b ,q2? [ab; Q).
3¢2(a,20,bi 2,02 [bia. 2% /ab®) = —a o A (a2 /5,7 Jab )

4¢ps(a,—q Va,b,c;—Vaaq/b,aq/c;q,qV a/bc) =

122 Jab? | < 1.

—q; 0 , 2 sz 2 o)
2¢1(a, b;aq/b;q,—q/b) - q()_q(/abq;qq/b/- q) =

(a/b? 1/bq; @)

493(a.qVa,~qVa b Va,~Vaaq/biq1/b*q) = o= S

8¢7(a, gvVa, —qVa,V(a/b),—V(a/b),V(aq/b),— V(aq
/b), b;Va, —Va, qV(ab), —qV(ab),V(abq), —V(abq), aq/b; q; bq)
_ (ag,b? g; )
(bq,abq; q)oo '’
lbq| < 1.

Result and Discussion

If (ay, Brn) is @ WP-Bailey pair, then under suitable convergence conditions, the following relations are
true

- (—qVkc@n [ aqg \*
n=0(—\/k,kq/c;q)n(c\/k> Bn =

(kq,aq/V k,qV k/c,aq/c; q)e i ;@D (—aVkqVkcq, ( aq )" .
(ag/cV k,aq,kq/c,qV k; q) £ (kq; @)an (— Vkoaq/Vkaq/c;q), \cNk)

i (gn+ 1V ak; @)n <a_2>n B

n=0 (q nv ak; Qn  \k? P =

(a/k,a?q/k; Qo i (k, kqn,qn + 1V ak; q),, (1—-Vakq?+ Va/(Vk —a3?q*")) <a_2>"
(@2/k?aq;q)e (qnvVak,a2q/k,a2qn+1/k;q), (1—q?" vV (ak)(A + Va/Vk) k? "

n=0
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i qVk—-qVikva—-Vavaq—aqqn (k_q)"ﬂ B
L (V= &, —kqV (1/a), kqV (1/a),kV (q/@), —kV (@/ayi)p @/ "~

(kq, k?q / a?;q)w i (k,kq™ ,qVk,—qVk,Va,—a,/(aq), — /(aq); Q)n
(kq / a,k?q/ a;q) e et (Vi, = Vk, kq\[(1 / @), —kg /(1 / @), k \[(q / @), —k |/(q / a); Q)n

(k* q/a,k*q™*V /a; @) (ﬂ)" .
(aq, aq™* ,kq, kq™'; q), "

a

z (—aq)”ﬁ _ (kq,a%q?/k; 4*) oo (=4 Q) o (k, kq™; Qn (—aq)”a
= kT (—aq/k,aq; Qe L (ka, @207 /k; @0 s k )

n=0

Proof 2.1. Substituting a = kq?" ,b = k/a and c = cq" in (1.10), we have
4¢3(kq®™, —q" ' Vk, k/a,cq™; —q™V k,aqg®™*!  kq™* /c;q,aq/cV k)

_ (kq,aq/Vk,qVk/c,aq/¢; D)oo (aq; D2n(ka/c,q V k; Dy
(aq/cV k,aq,kq/c,q V' k; @) (kq; )2n(aa/ N k, aq/c; @)

) _ (c,—q \/k;Q)r
Putting 5r T (-Vkkq/c;q)r (

aq
cVk

T
) in (1.6) and making the use of (2.6), we get

_ D@ Vk—qVkc;q)n(kq,aq/Vk,qVk/c,aq/c; )e ( aq)”
(kq; Q)2n(—V k,aq/ N k,aq/c; @)n(aq,aq/c N k,kq/c,qV k; @) \cVk

Substituting §,, and y,, as above in (1.3), we get (2.1).

n

Proof 2.2 Settinga = k/a,b = kq*™ and 2 = q 2V akin (1.11), we get
(a/k,a*q/k; ) (aq; @)2n
(a?/k? ,aq; ) (a® 4/K; @) 2n

y (1—qg*"Vak + Va/(Vk —a3/?2¢?" )
1—-qg2"Vak) 1+ Va/Vk)

3¢2(k/a’q2n+1 \/ak, qun : an \/ak, aq2n+1 ;q’az /k 2 ) —

)

a?/k?| < 1.

@™V (@k)a)r (a_z

-
@V @ kz) in (1.6) and substituting in (2.7), we have

Choosing 8r =
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Yn
_ Q=g Vak+Va/(Nk=d’?¢*™)  (a/k,a*q/k; @)k, kq", ™'V (ak); @)n <a_2>n
- (1 = q*™V(ak) (1 + Va/Vk) (aq,a?/k?% ) (q™V (ak), a?q/k, a2q™+1 /k; @)n \K?

using &, and y,, in (1.3), we obtain (2.2).

Applications

By using (1.7) in (2.1) and takingn — oo, we get

8¢p7(k,qVk,—qV k,c,a,qV a,—qVa,a/k; kq,—Vk,aq/VkVa,—Vakqaq/c;q,qVk/c)

_ (qVkkq/c,aq,aq/cVk; Q)
(kq,aq/V'k,qVk/c,aq/c; @)oo

Again by making the use of (1.9) in (2.1) and takingn — oo, we obtain

10¢9(k, —q Vkc,qVkaqVa—-qVayza® q/kyz; kq—Vk,aq/Vkaq/c,V a,—V a,aq
/v,aq/2z kyz/a; q,qV k/c)

(aq/c \/k, aq,kq/c,q \/k; q)o
= 6 - \/k,c,k a,kz/ak, a Z;—\/k,k c,a ,a
(ea, aq/ kg Vk/c,aq/e q)os #s(—q y/a kz/ q/y q/c,aq/y,aq

/z,kyz/a; q,aq/c k).

On using (1.8) in (2.2) and takingn — oo, we get

o (afka? q/k; e (1 = Vak +Va/(k —a®/?)
2¢1(k,k/a,QQJ q.a /k ) - (aq,aZ /kZ ;Q)oo (1_ \/ak)(1+\/a/\/k)

By making the use of (1.7) in (2.3) and then takingn — oo, we obtain

(aq,a®/k?*q; @)oo

7¢6(a, qV a,—qVa,a/k,k, qVk, —qVk; Va,~Va, kq,a? [k, Vk,~k; q,a/kq) = T

In (2.3) using (1.9) and then taking — oo, we get the following transformation

9¢8(k, q \/k,—q \/k, a,q \/a,—q \/a,y,z,a 2q/kyz; a? /k,\/k,— \/k,\/a,— \/a, aq/y,aq/z kyz
/a;q,a/kq)

_(aq,0® /k? 4;9)oo
(a? /k,a/kq; @)oo

Again in (2.4) making the use of (1.7) and takingn — oo, we obtain the following summation

6¢5(qV k, —qVk, ky/a, kz/a, k,aq/yz; vk, —Vk,aq/y,aq/z kyz/a; q, a?k?q).

12¢11(k, g Vk, —q Vk,V a, — Va,Vaq,— Vaq, k*q/a, a,qVa, —qVa, a/k;Vk, —Vk kqV1/a,—kqV1
(kq/a, k? q/a; @) e
(kq, k2 q/a® ;@)

Ja,kVq/a,—kVq/a,Va,—Va, kq,aq, kq; q; k?q/a?) =

Now use (1.9) in (2.4) and takingn — oo ,we have
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14¢13(k, q Vk, —q Vk,V a, — Va,Vaq,— Vaq, k*q/a,a,q Va,—q Va,y,z,a%q/kyz; Vk,—V k, kqV 1
Ja,—kqV1/a,kq/a,—kq/a,aq, kq,Va,—Va,aq/y, aq/z kyz/a; q; k*q/a?)

_(kq/a, k*q/a;qQ)w

 (kq, k2 q/a® Qe
/yz; Nk, — k,kqV 1/a,—kqV 1/a, kN q/a,—k q/a,aq/y,aq/z kyz/a; q; kq/a).

10¢9(q Vk,—qVik~Na—-vVavaq—Vaqkylakz/ak aq

By using (1.7) in (2.5), we have

Z (k,kq™,a,qV a,—qV a,a/k; q)n o) = (—aq/k,aq; @)
(g, Va,—V a kq; q),(kq,a?q? /k; g% )on (=4 Do (kq,a? % /k; g% )eo

n=0

and again in (2.5) using (1.9), we get

4¢3(ky/a,kz/a, k,aq/yz;aq/y,aq/z, kyz/a; q,—aq/k)

_ (=4;9)0(kq,a 2 2/k;q 2)eo (kkq",a,qVa,—qVa,y,2,a*q/kyz; @)n i
(—aq/k,aq; q)» L (kq,a2q?/k; q%)2n(q,Va,—Va,aq/y, aq/2 kyz/a; @)n '
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