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Abstract:

We offer an overview of some of the main findings from the hypergeometric sequence theories
and integrals associated with root systems. In particular, for such multiple series and integrals, we
list a number of summations, transformations and explicit evaluations. Interesting transformation
formulas for poly-basic hypergeometry using some known summation formulae and the identity
defined herein. In particular, for such multiple series and integrals, we list a number of
summations, transformations and explicit evaluations. Interesting transformation formulas for
poly-basic hypergeometric sequence have been constructed using some known summation
formulae and the identity set out herein.
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Introduction:

Due to their applications in various fields, such as additive number theory, combinatorial analysis,
statistical and quantum mechanics, vector spaces, etc, simple hypergeometric series have assumed
considerable importance over the last four decades or so. They also developed a very useful method
for analysts to unify and sub-sum various isolated findings under a common umbrella in the theory
of numbers.The enormous mass of literature on basic hypergeometric series has become so
important and important (or g-hypergeometric series as we sometimes call it) that their analysis
has acquired its own separate, reputable status rather than being viewed merely as a generalization
of the ordinary hypergeometric series.

The discovery of Ramanujan's 'Lost' Note book by G.E. Andrews in 1976 aroused a new interest
in these functions. He gave a beautiful account of the discovery of the 'Lost' Notebook and its
contents in the American Mathematical Monthly in 1979.

W.N. Bailey in 1944, gave the following result :

If

[78]
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n
Bu 2 Z a.l'“n—.l'vuﬂ'
r=0

and

o
TJ‘J‘ - Z 6?'”." i} vi" +1n
r=n

where o, 8, u. and v, are any function of r only, such that the series 7, exists,

then
Z AyTn = E ﬁrrari. (1
n=0 n=0

The above transformation leads to multiple outcomes that play important roles in hypergeometric
series number theory and transformation theory. We demonstrate here that this transformation can
be used to define some poly-basic hypergeometric series transformations.

If we take u=v =1 and § =z' in (3.1.1), we get :

If
H
B.=2 2)
r=0
then 2 ()Lﬂz" = (1_2)2 an", (1)
n=0 n=0

n

because Y, = Ez—’ 1z,
-z

We shall use the following known sums of truncated series to derive our transformations.
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a.y.q.q aq, yq;q
N

[g.avq;q)y

[Agarwal, R.P. 5; App. II (8)]

a,q\a,~qa,e;ql/ e [ag,eq:q]y

4‘1)3 -
[ (5)

N

,ﬁa,_-\}rcia le q,aq;’e;q (:'N'
q N
[Agarwal, R.P. 5; App. IT (23)]

(D a:q"jg:r_(f'\ﬁ;)b: C,d ',t?;q
675
ﬁa—ﬁ,ﬂqu,aq.’c,aq;’d N

o [aqabQ=CQ'sdq;Q]N
[g.aq/b,aq/ c,aq/d;q]y

, (a=bcd). (6)

[Agarwal, R.P. 5; App. II (25)]

a,b,434:9 (g —e)(e—abg) [4,05q]y 41
e.f y (ag—e)e=bq)| [e/qg,abgle;q]y .,

where ef=abq2.
[Srivastava, A.K. 3; (4.2)]

i (1-ap* g*)a; pl, [c3q], ¢ *
k=0 (l"a)[q;q]a:[apr; P]n
_lap; Pl leq:ql, ¢
(g:9],[ap/c;p],

(8)

[Gasper & Rahman 1: App. II (34)]
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3 (- ap*q* )1 - bp*q™*)a,b; plefc,a/besq)y ¢
i—o  (A-a)1-b)g,aq/b;q) [ap/c,bep; pli

- lap.bp; plulcg.aq/bc;q], _
[4,aq/b;q],[ap/c,bep; pl,

(9)

[Gasper & Rahman 1; App. II (35)!

b i
n, (1= adp"q* Y- p*a 7 a.b plile.ad® Ibesqly 4"
iy (—ad)1-b/d)[dg,adq/b;q)adp/c,bcpld; ply

_ (-a@)(-b)1-c)1-ad?/bc)
d(1—ad)(1-b/d)(1—c/d)(1-ad [bc)

[ap,bp; p),lcq,ad zaa*fbc;:ar],,i . a’d(1—d)Y1-c/ad)(1—-d | bc)1—b/cd)
ldq,adq/b;q), [adpic,bepld; pl, (1—ad)Y1-b/d)1—c/d)1—ad/bc) ~

(10)
[Gasper & Rahman 1; App. II (11.36), with m=0]

3 Q-adp*q'Pto"xc—dP*0 ) ptatya-bpt Pt idg 0"y g* |
& (1-ad)c-dY1-b/d)

(1-adp* Q@ 1bcq* P*)q* [a; p* 1, [c:q7 1, [0 P* 1 [ad? 1 be; Q7
(1-adfbc)[dfl@;‘5‘ﬁg] {‘E‘E .PPQ.BE_Q] [f?*if_ PFIQ.PG’Q}
k k k

p p cq’q b PP
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__(1—a)A-b)1-c)1-ad*/bc)
(1-ad)(c—d)1-b/d)(1-ad/bc)

ap?5p%),(ca’sa%), (0P P, (ad 0% bei0?),
[d q@_.iﬂg] [i“{ PPQ BEQ} [@ PaQ .E’f{Q}

P P c q q b P P

1 a’(l-d)1-c/ad)(1-b/ad)1~d | bc)
Fc {Jq_P.&P} (1-ad)(c—d)(1-b/d)(1~ad /bc)

(1n
d Q0

[Verma, A. 3; (18) p. 89, with m=0]




Wesleyan Journal of Research, Vol. 14 No. 07

i [B; )i (31, [y Pl [Byc/d ?; pP 1 g), 4"

0 [dg;q), [Bep/d; p]{‘aj B ‘Zﬂ [cyP/d;P),

Bey &k Vosk ok Bk —k
[ 1-PL pkpk | 1-Lp ol
[ R ~ P ~

_(1-d)1-cy/d)1-By/d) _(1-B)(1-c)(i=y)(1-Bey/d?)
(c—d) (c—d)

[Bp; p1,[cq:q], [vP; P],,[ ————— 3 —
d* q

: (12)
{Bp p| s, 2] {& ﬂ;zf]
d n d aLd g ¢q n

[Verma 3; 12 (A) with m=0]

Transformation and Summation Formulae :
Here, we shall adopt the following notations and definitions. The g-rising factorial is defined as,
for|q| <1,

(a;¢)n = (1 — a)(1 — ag)...(1 — ag™™?), =1, (1.1)
(a;q)o =1, (1.2)
(@ @)oo = [ J(1 — ag") (1.3)
r=0
(a1, a2,as, ... a::q)n = (a1;q)n(a2; @) n-.-(ar; q)n- (1.4)

A basic hypergeometric series (g-series) is defined by
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a'l"az"'""ar;q:-‘z = ((11,&-2,....‘ QT;QJ‘HZH . ?1(?1—1]}2 I+s—r
r(b‘; — -1 5 1.
’ |' b]_._b?._ "':!}S ] ; (q‘bl'bQF'"'! bs;q)ll {( ) q } ' ( 5)

[3; (1.2.22) p. 4]

A poly-basic hypergeometric series is defined as,

® ay, Aoy oooey O L (,’1__1._, .....('1?.,.1:. Cm._.]- ...(_".ﬁl‘?.m:_q, q1; -, qms 2
blebis---sbs : dl.]-. ----dlsl;---;dm.lz ----dm.sm
= (@15 095 ory O3 @) 2" 0y 14s—r
— T n 1" n(n—1)/2 %
ﬁZ (Q bl b7 vany b.s;q:]n {( J }
’ m (Cj__l......l,{fj‘rj:gj}n {(_l)nqn[”_hl}’;az}s_}-—'rj ' (]_ﬁ)
j=1 (d;l aaiey dj.sl,' : qj)n

[3; (3.9.1), (3.9.2) p. 95]

A truncated basic hypergeometric series defined by

ay,as, ..., 0,415 Z (}1 A2y ey Apg1; (f)nﬂt
r+1Py . 1.
H {bl,bg,...._br ] Z T0o By e Bt 7)

n=0

We shall make use of following summation formulae of truncated basic hypergeometric series in
our analysis.

. | wbi@a | _ (90,bg9)n (1.8)
. abq (¢, abq; q)n o

[Agarwal 1; (2.1) p. 389]

b, [ a.b, ¢4 q ] _ (g—e)(e — abg) ll  (a,b59)ns 9

e,abg*/e (ag — €)(e — bg) (e/q, abg/e; q)ns1
[Agarwal 2; p. 79]

In the summation formula [Gasper and Rahman 3; App. II (I.21)] if we take

¢ =aq""!, we find the following sum,
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o. a,qv/a,—q/a,b;q;1/b | (aq.bg; q)n B> 1
T Va,—va,aq/b . (q.aq/b; )b '

Taking a = bed in [Gasper and Rahman 3; App. 11 (II. 22)] we find

o. | ©V/a—ava,b.c.digq _ (agq,bq, cq,dq; ),
07| Va,—va,aq/baq/c.aq/d |, ~ (g,aq/b,aq/c,aq/d:q)n

Gasper’s indefinite bibasic sum,

(1 — ap*q*)(a; p)e(c; q)x —k__(ap;p)n(cg; g)n
Z (1 —a)(g; q);(ap/r e T (@ Qnlap/ plact

[Gasper and Rahman 3; App.

We shall also use the following identity,

Z“”Z{S +Za OH—Z(}: Zfi +Zo,,Zar

n=0 n=0 r=0 n={ r=0

In Bailey’s transform if we take u; = v; = 1, it takes the following form,

If .
371 — Z Cy
r=(
and

Tn = Zd —Zﬁ —ZE + 4,

r=0 r=0
Then under suitable convergence conditions

oo oo
E N E ."ignf)n
n= n=0

(1.16) can be expressed as,

i(ln {ié‘r — i(sr + an} = i(sniﬂﬁ

n=0 r=0 r=0 n=0 r=(0)

which on simplifications gives (1.13)

(1.10)
(1.11)
(1.12)
11 (11. 34)]
(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

In this section we shall establish certain transformation formulae for poly-basic Series
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(:‘1, b1 q)?lg a,nd 511. — ((J:'__ 13 p)”—p

i) Choosing a,, =
) (g.abg: q)n (p, aBp: p)n

in (1.13) and using (1.8) we

get,

(aq, bg; @)oo (ap, Bp; P) o [ a,b:a,B;q,p;pq ]
(q, abg; @) (p, aBP; ) abq : p, a3p

_ & | @brap Bpiq.piq aq,bq : a, B;q,p;p
= abq : p,aBp +& abq : p,afp ' (2.1)

Result and Discussion:
In this section we shall establish our main results.

(ii) Taking p = ¢ in (2.1) we get,

(aq, bq, aq, Bq; q) a.b,a, B:q; ¢?
(4.9, abg, aBqiq)e ' | abg,q,afq

_ & | @b g Beaq aq,bq, o, B; q;q
= 4% [ abq, q,aBq + 4% abq, q, afBq j (2:2)

(iii) Taking a, (a.9va, ~4v/a,b9). and ¢, = (o B )" (1.13) and

_ - in
(g, va, —V/a,aq/b; ¢)nb" (P, Bp; p)n
using (1.10) and (1.8) we obtain,

o | ©Va—ava,b:a,B;q,p;p/b
Va,—/a,aq/b: p,afp

— & a,qv/a,—qv/a,b: ap, Bp; q.p; 1/b L aq,bq : o, 8;q,p;p/b 1 &1
= \/_,_\/ET(Lq/b:p,aﬁp aq/b:p.‘aﬁp 3 b .
(2.3)

For p = ¢, (2.3) yields

¢, vVa, —Va,aq/b,afq
= e l a, ¢v/a, —q\/a, b, aq, Bg; ¢; 1/b ] £ gl { aq-.bqﬁfr,ﬂ;q;q/b]f o> 1

r [ a,qva, —qv/a,b,a, B;q; q/b ]

- q,v/a, —/a,aq/b, aBq q.aq/b, af3q
As b — oo in (2.4) we get,

& | ©9VE—ava,a.B8:q:q
> q,va,—v/a,a8q,0

(2.4)
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_ & | mava,—qva,aq, Bg; ;1 aq, o, B; ¢ ¢
= 5% | ¢ Va,~va,aBa,0 T a®a | o aBg,0 - (29

(aw q\/'f_"“ _Q\/E b‘(})n |b|
(q,v/a,—/a,aq/b; q),b"

and 6, = (o, pva, —pva, 'fip)”f , 8] > 1in (1.13) and making use of (1.10)
ﬁ d (p \/_7 _\/a': ap/ﬁi p)n.dﬂ
we find,

1

a,qVa,—qv/a,b: a,pva, —pva, B;q,p; 1
a &% '

Va,—va, = p.v/a, —va, 2

(iv) Taking a,, = 2 1y

1
a,qvVa,—qv/a, b : ap, Bp; q. p; 03
) )ﬁ

(I
va,—va, 2 i p, 2

[aqbq a, pva, —pva, B q, p; ;]

+® . (2.6)
{ ' Ja, \/— nsp J
For p = q, (2.6) gives

1
a,qv/a, —qv/a, b, a, g/, —g/a, ﬁ’;q;ﬁ

8Py ag ag
1
. a,qv/a, —qv/a, b, aq, Bg; ¢; =
= 675 aq o '
¢.Va,—Va, 1 q
3!
aq,bq, o, gV, —qf CH
+ 6(1)5 & (27)

aq o

0. 5 Vo —Va, 2
For b, 8 — o0, (2.7) yields

For b, B — o0, (2.7) yields

o | ©aVa—ava a.qva, —gvaigiq
bl (.tw'-\/_!_\/a:\/(_!_\/aa[]a(}

_ o | 20Ve—avVaagaa] 5 [ g @ v —gvaigg (2.8)
= q,\/—,—\/ﬁ,ﬂ,[} i q1\/_1_\/_c;1010 ) J
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(a,b;q)ng" B (a, Sp)np“

v) Choosing o, = —————, 4,
(v) (e,abg?/e; q)n ~ (p. C“ﬁp.‘P)n

(1.8) we find,

(ap. Bpi P) oo {1 _ (ab ) } (q — e)(e — abq) i [ o, B :a,b:p,q:pg
(p, aBp; p)ec (e/q,abq/e;q) | (aq —€)(e — bg) afip : e,abg? /e

_o| @Ppiabipgq |  (g-e)le—abg)
afp: e abg* /e (aqg — e)(e — bq)

Z (e, B; p)up" {1 - (M;Q)im } (2.9)

(p, aBp; p)n e/q,abq/e; q)nt1

n (1.13) and using (1.9) and

For p = ¢, (2.9) yields

& | @B abiae | _ _edl —a)(l —b)(ag, Bq, ag,bg;q)os
I ﬂ.‘gq’ €, n,qu/e (G,q - 6)(8 - b"?) (q a.ﬁQ': €, abq2/e; Q)DC

aq, Bq,a.b;q;q9 | eq(1 —a)(1 =b) a, . aq,bq; q: q
+ 4% [ aBq, e, abg? /e ] (aqg —e)(e — bg) * 125 afq, e, abg?le | )

If we put e = ¢ in (2.10) we get (2.2) again.

(Vi) Tﬂ.kj.ng o = ((.E, Q\/_‘ _Q\/a:‘ b? c, d| q)ﬂqn .
(Q:' \/(_1 _\/aéaq/g! G‘Q/Cﬂ ﬂ'&'/d q)n I
and ¢, = (o, py/e, —py/@, B, 7, 8;P)np , in (1.13) and making use of (1.11)

. (p.Va,—Va,ap/B.ap/y.ap/d;p)n
we have,
(ag, bg, cq. dg; g)n(ap, Bp, 1P, 6p; P)n
(g, aq/b,aq/c,aq/d; q)n(p, ap/ B, ap/v, ap/d; p)n
5 [aq\/ﬁ—w—brdarpv/r_—p\/_ﬁ’w?q,pm ]
Va,—+v/a,aq/b,aq/c,aq/d : p,/a, —/a,ap/B,ap/vy, ap/o
_a [ a,qy/a, —q\/a,b,c.d : ap, Bp,vp,0p; q. pi q }
va,—va,aq/b,aq/c,aq/d : p,ap/B,ap/y,ap/d
o | 94:ba,cq,dq : o, py/o, —p\/a, B,7,6:4.p; p _ (2.11)
aq/b,aq/c,aq/d : p,\/a,—/a,ap/B, ap/y,ap/d

For p = q, (2.11) yields

(aq, bq. cq, dq. aq, 54,74, 0¢; q) e
(q,q,aq/b,aq/c, aq/d, aq/B, aq/v,aq/d; q)
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+ oD a, q\/_u _Q\/E b': C, d: &‘Q\/al _{;‘I\/a 6 75‘ q: q‘?.
U g, va, —/a, aq/b, ag/e, aq/d, aq/B, aq/y, aq/d

_ & | @9V@—avab e, d aq, 59,74, 0¢; 45 q
7 ¢,Va, —va, aq/b,aq/c,aq/d, aq/ B, aq/y, aq/s

+ 10®y [ aq, bq. cq, dq, o, /o, =g/, 8,7, 8¢, ¢ } (2.12)
" | ¢.aq/b,aq/c,aq/d,\J/a,—\/a,aq/B,aq/v,aq/d

If we take @ = a,3 = b,y =¢,d = d in (2.12) we obtain

(aq.bg.cq.dg:q)ee * & (a,qv/a, —qy/a,be,d; @)
{(4-. aq/b,aq/c,aq/d; q)x } - Z { (¢,va,—/a,aq/b.aq/c, aq/d; q)n}

5 & a,qv/a, —qv/a,b,c.d,aq, bq, cq,dq; q: q (2.13)
LB g Va, ~a,aq/b.ag/c,aq/d, aq/b,ag/c, aq/d >
Taking ¢ = a,d = b in (2.13) we find,

(aq, bg; ) }4 - { (a.b; q)n }d{(l—aq?”’)}2 n
{(q,aq/b;q)x +; (q.aq/b; q)» i-a J*

{(a,b;9)2.}*(1 — ag®)q"
{(q,aq/b;q)n}*(1 —a) ~

I
e

Il
=]

mn

For b = a, (2.14) yields,
. 8 20 ) 8 _ In Y 2
{ (aq'- q)OC } i Z { ([1, Q)n} { 1 aq } q2ﬂ
(¢ @) — (¢ @)n l-a
(a; 1 =ag™
_22 qzn( 1—1 )qn_ (2.15)

n=»0

(1 —ap™q")(a;p).(c; q),

(1 - a)(q; q)r(ap/c; p)rc™
in (1.13) and using (1.8) and (1.12) we find,

i l—ap q")(@;)n(c5 @), B; 1)n (ql)“
(l - CL q q ap/‘“ p n q1: Q.SQI-,QI)H c

((_}:,_ ‘5’;91)11‘??
(g1, @Bq1; q1)n

(vii) Choosing a, = le| > 1, and 6, =
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(1 —ap™q")(a; p)-(¢; q)r

(1 —a)(g; 9)-(ap/c; p)rc"
in (1.13) and using (1.8) and (1.12) we find,

(1’11- (}'_3(?1: ql)n

(vii) Choosing o, = le| > 1, and 6, =

Zx (1 — ap"q™)(@: p)n(c: @)nle, B; q1)n ("1’_1)
(

£ 1 —a)(q; q@)nlap/c;p)nl(q,aBqi;qi)n \ €

=\ 1 - ap"g"(@:p)a(c: @) (091, Baig)n 1

(2.16)

C

+i (ap: P)n(cq; Q)n (0, B q1)n (q_1>“
(; @)n(ap/c; p)n (a1, 4Bqy; 1) |

Taking p = ¢; = ¢ in (2.16) we find (2.4).
A number of similar transformations can also be scored.

n=()
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