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Abstract

Hypergeometric sequence theories and integrals related to root systems are reviewed in this article. We give a
number of summations, transformations, and explicit evaluations for such multiple series and integrals. The
identity presented herein and certain well-known summation formulae are used to create some interesting poly-
basic hypergeometric transformation formulas. We give a number of summations, transformations, and explicit
evaluations for such multiple series and integrals. An attempt has been made to develop transformation formulae
involving polybasic hypergeometric series using Bailey's transformation and some known summations of
truncated series.
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Introduction

For the past two centuries, researchers have been studying the theory of hypergeometric series introduced by C.
F. Gauss in 1812. Historically, numerical methods have been used to solve mathematical and technical issues
from the dawn of human civilization. In engineering, mathematics, and physics, numerical computations are
critical in solving real-time and in-the-moment problems. Complex mathematical problems can be solved by
applying this strategy of arithmetic operations to them. Mathematical models of physical phenomena that can be
solved with mathematical operations are used in this technique. Using computer-oriented numerical approaches
is now a standard element of every scientist's day-to-day routine. As ultra-powerful computers have been
available, numerical computing methods have become far more powerful, fast, and flexible.

To Bailey's credit, Proceeding of the London Mathematical Society published an article on hypergeometric and
fundamental hypergeometric series in 1947.

The following is a crucial finding in the study that was later dubbed Bailley's transformation:

n

if Bn = Z ArUn—rVUnsr,

r=0
[ee]
Yn = Z 8rUr—nVntr
r=n
[ee] [ee]
then z Xp Vn = Z ﬁnan,
n=0 n=0
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where or,0r,Ur vr are functions of r only, such that the series for yn exists. To further cement the significance of
Bailey's transformation was an article he wrote in 1949 for the London Mathematical Society. To prove Rogers-
Ramanujan type identities and a wide range of transformations of basic and poly-basic hypergeometric series, the
Bailey lemma has proven invaluable. Hypergeometric series theory has seen a lot of attention recently because of
its many applications in mathematics and other fields.

We shall make use of following identities

Zn: a niAj = iAk Y a; (D)
k=0 j=0 k=0 j=0
ot Y Y= | ”z on - ZA e

because specific poly-basic hypergeometric transformation equations must be established. We'll also need to
make use of previously calculated sums. We obtain the following when m = 0 is used in step 2.

ad?
n (1—adp*q") ——p q7%)[a, b;plk |73 q q"
bc
dq .

= (1-ad) 1—a [d 0,4, 4 ] [adp bep. ]
_d(1-a)(1 = b)(1 = c)(bc — ad?)
~ (A= ad)(d - b)(d — c)(bc — ad)

d2
[ap, bp; p]n [ qucz—ci Q] (ad — ¢)(bc — d)(ad — b)(1 —d)

[dq,adq;q [accip'b;p;p "~ d(1—a)(1—b)(1 —c)(ad? — bc)

n

Putting M =0 in 1 we have
P
s[€als [ﬁdyz rp

2 [dq; qls [ﬁ .p]

S

s=0

e [(1 _ %ps,}s) (1 ~ Y psq=s) (1 _ gpsq_s)]

) ),

_a-pa-oa-»(1-7)
=)

P pP
(B - ey - DBy -d(i-d)  Brphleaalalyri Pl | E B
=P -0 -)Fer =@ [ oF 5 [E2eF P

q’ql,

,p] [dq; q]n
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The following summation formula is obtained by settingm =0 in 1.

k
n (1-adpqPQh) (e - dby g )
(1—-ad)(c—4d)

<1 _épkpk) (1 _%quk)
o d qkQ* bc q*P¥) .
(1

[a; p?1i[c; a1k [b; P?]i [%QZ]

a5 25 [Pt g | [ ], [P,

X

ad?

A-o-ba-o (1 _ —)
(1 —ad)(c—d) (1 b) (1 —%)

2
lap?; p?1nlcq?; q*1n[bP?; P?], [%QZ;QZ] _ (1—d)(ad — c)(ad — c)(be — d)
[quQ qrQ [adpPQ pPQ] [adw.qu] bcpqP pqP (1—a)(1—b)(1—c)(ad — bc)
c q b pplld 0ol

Review of Literature

Slater, Verma, and Gasper et al. used transformations to derive the following summation identities for
fundamental hypergeometric functions:

2. [@ Dia ;c/ab] _(c/a,c/b;q)o
' c (c,c/ab;q)oo

2. [ b; q ;c/ab] _(cq/a,cq/b;q)o (ab(1+c) —c(a+b)
1l c "~ (cq,cq/ab;q)oo ab —c

60 [ a, gqvVa, —qVa,b, cd; q/bcdl (aq,aq/cd,aq/bd,aq/bc;q)oo
°|va, —\/E,aq/b,aq/c,aq/d (aq/b,aq/c,aq/d,aq / bed; q)o

Here in identities , basic hypergeometric functions summed in ratios of infinite product.

[a, b,q" ;q; q] (c/a,c/b;q)y
30,
: (c,c/ab; q)n
o [2Ve —aVa b kqhq ™ qaq /bkl __(aqkb/a;q)n
| va—vaaq/b, aq*"/k,aq'*™ (k/a,aq / b;q)nb™
[ a,qya, —qVa,b,c,d,a’q/bck, kq", q7 l (aq,aq/be, kb/a, ke / a; @n
8¢)7 ) = n
Va,—va,aq/b,aq/c,bckja  aq™t/k,aqt*m (aq/b,aq/c,k/a,kbc /a;q),b
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Basic hypergeometric functions of identities are summed in g-basic series ratios. This was a thriving topic in
combinatorial mathematics in the twentieth century, with several ties to other disciplines. For example, the
combinatorics of arranging multiple hyper planes in complex Nspace has novel definitions of hypergeometric
series by Aomoto, Israel Gelfand, and others. On the application of hypergeometric functions to fundamental
geometry, NJ Fine [Fine et al. (1988)] also worked. Mock theta functions were developed by B.Gorden [Gorden
et al. (2000)]. The g-Lagrange inversion formulas were studied by 1. Gessel [Gessel et al.(1986)]. M.D.
Herschhorn worked on the Rogers-Ramanujan type partition theorem

As Mishra [5] produced conclusions involving one bilateral basic hypergeometric function in terms of another
bilateral basic hypergeometric function, a number of mathematicians established fundamental bilateral
hypergeometric functions.

(a—-aq/a) (ag/ab,—aq/b,—q/b;q)e 2w, [a,—b: a aq/ab]

(—aq?/ab;q)e —aq/b,aq*/a
(aq?/a?,aq?/b*,q% aq,q/a;q*)w
(aq/a,q/a;q)ew

=a(l— aq/ab)

_aq(1- a)(—aq? a/ab,—1/b;q)e 5 [aq. —bq; q;a / ab
a(—aq/ab;q)e *l aq®/a.aq® /b

(—aq/b,aq/ab,—q/b;q)w [a, —b; q; aq/ab]
(—aq/ab,aq?/ab; q)o *l-aq/b,aq?/a

. (aq?/a%,aq?/b?*,q% aq,q/a; %) w
(aq?/a,—aq/ab,q / a;q)w

_aq(l— 1/“)(_0“12/13'_“51/“'_51/17_ 1/b’q)oo
(aq/b,1/a,aq?/a; Q) w

There are some Indian researchers who have made significant contributions to the g function, such as R. P.
Agrawal (Agrawal 1967), Agrawal (1976), and Agrawal (1981). For his dissertation, he worked on fractional Q
derivatives, g-integrals, and mock theta functions. He also did combinatorial analysis and extended Meijer's G
Function, Pade approximants, and continuing fractions. When it came to basic series quadratic transformations,
W.A. Al-Salam and A. Verma were the pioneers. Generalized q hypergeometric functions and continuing
fractions were among the interests of N. A.Bhagirathi [Bhagirathi (1988)]. Transforms of non-termating basic
hypergeometric series, their contour integrals, and applications to Rogers Ramanujan's identities were studied by
V. K. Jain and M. Verma [Jain et al, 1980]

(a—agq/a)

2y, [—a. —bq;q; —aq / ab]

—aq?/b,—aq /a

Denis and Singh [1] wrote in "Certain Transformations involving Poly Basic Hypergeometric Functions" about
poly basic hypergeometric functions being stated in terms of other poly basic hypergeometric functions.

¢,a;apq; q;p;pq; z

cq; ap; p; q; z]
—ap/c;a

362 Sap /e

] = (1 - c2)2¢1
c;a/bc;a,b;apq; bp/q;q,p,pa,p / q:z] P [cq, aq/bc, ap, bp; q,p; Z]
6¢5 [ aq/b,ap/c,bcp;a; b = (1 - 2)4¢3 aq/b;ap/c,bcp;

For truncated basic hypergeometric functions, Yadav and Mishra [10] used a variety of parameters in and in
bailey's transform to arrive at the following identities:

3P2 [

a,b,q™" ] =(1_Z)Z°° (@b a5 qng"2" | (c/a,c/b;Dn iy
c,abc™q " q,ql, n=0

gt (c,abc™'q' ™™ q)n  (c,c/ab;q)n
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a,—qa'?,b,c

4d3
l—al/z, aq/b,aq/c

5 q, qal/z/bcl

n

_zw (a,—qa'’%,b,c;q)nz" _(qa'/*\"
 Lun—o(=a'’?,aq/b,aq / ¢; @) \ bc

(aq,qva/b,qVa/c,aq / bc; Do .,

z (1.12)
(aq/b,aq/c,qVa,qVa / bc; q)o
Research Methodology
In this section we have established the following main results
aq,Bq:a,y; ]
P s
apq:p,ayp; PP
_ lap, yp; plw [29- B4 41w
[p, ayp; ple (9, 2B Ploo
1—a)(1-— ,Yp:aq, 5q;
4 )(1—-p) [ap yp: 4 ,qu pa:ql, 3.1)
(1-¢)(@—aBq) Llayp:q”,aBq
aq,eq:a,y, p
P29, .4, 05—
—.p,ayp; e
e
(1— ag?)(1—e) ap,yp:aq, ¢*Va,—q*Va,eq; 4
= X aqg? G| (3.2)
e(l—q)(1—aq/e) ayp: %, V@, — VT, — e

_—
e

aq,£q,vq,6q:a,y;

(Xq (Xq (Xq q,p; p]
—,——, Q= b, ayp,
B v 6

iy

[ap, yp; plolaq, £a,7q,69; qlo
[p, ayp; plwlq, aq/B,aq/v,aq/5; qle

(- ¢*0a-pU-y)A-¥8)q
A-¢A —-aq/B)A —aq/y)(1 —aq/5)

ap,yp: aq,q*va,—q*Va, Bq,v4q, 6q;

X @ aq? aq® aq® p,q;q)|
ayp: q%, ¢*Va, —qa, T

(3.3)
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X,Y,ap, cp;

p
o ap  P,p,q;—
xyP:T:q; b.q c

_ (Q-apg)1-0)
A-¢@@—ap/c)c

xP,yP: ap: cq: ap?q?;

1
X @ ap® - Ppapg—|
xyP:T:q rapq; ¢
aq
X,y ap,bp:cq,E;
P aq P,p,q; P

ap
xyP:T, bep: a7

[xP,yP; Plo[ap, bp, ple [cq, @q/bc; qlo
[P, xyP; Plw[q,aq/b; q],, [ap/c,bep;p]

(A —apg)(1 - bp/q)(A —c)(1 —a/bc)q
1-q¢)(@ —aq/b)(1—ap/c)(1— bcp)

[ bp®
| XP,yP:ap®q?, e :ap, bp: cq,

X ®|
ap? aq®

bp
lxyP: apq:?:T,bcpz: qZ,T,

aq_
bc’ p
P,pq,g,p,q;q

)

S — |

ad?q
x,y:ap,bp: cq, e
o C
P.adp bcp'd adq'
xyP:——,—1dq,—=;

[xP, yP; Plwlap, bp, plw [cq, ad?q/bc; qlo
[P,xyP;P]oo[dq, adq/b; q]_ [adp/c,bcp / d;p]Oo

P,p,q; P

_dq(1 —adpq)(1 = bp/dq)(1 — ¢/ d)(1 — ad/bc)
(1-dq)(1 - adq/b)(1 — adp/c)(1 = bep / d)

bp? ad?q
[xP,yP:adpzqz,d—qz:ap,bp:cq, e
bp adp? bcp? adq
P:adpq:—: , :dq?, ;
xyP:adpqi i ——,——:dq’,—

X O

(3.4)

(3.5)

(3.6)

p
X P,pq,a,p,q;q‘.
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Result and Discussion

Taking ur = vi=1 in, Bailey’s transformation takes the following form:

n

iffn =) a, (4.1)
r=0
Yn = z o, (4.2)
r=0
then z Ay Vn = Bnbn , (4.3)
n=0 r=0

Proof of Result 3.1
Taking ar = (a, B; q)rq"/ (q, ofq; q)r and 6r =(a, y; p)p'/(p, ayp; p)r in 4.1 and 4.2, respectively, we get

g - (aq,B9; Dn _ (@, ypip)e (1 —ay)(A —p")(@,y;p)n 44)
" (qgaB )’ Tt aypip)e (A—-a)A-y)Pay;p)n '

Putting these values in (4.3), we get the following transformation:

aq,Bq:a,y; ] (1—ay) a,B:a,y; ]

0P|+ ,D;

apq:p,ayp; PPPI T Ao —» © lapaip,ay; TP

[aP,yP; Pl  [aq,Bq,qle (1—-ay) a,B:a,y;
= : T [ ﬁ Y ap; pq] (4.5)

[p,ayp;ple [0 2B4qle (1—a)(1—y)  laBq:p,ay;

which on simplification gives the result (3.1)

Proof of Result (3.2).

Taking a, = (@, qVa, —qVa,e;q)_/(a,.Va,—Va,aq/e;q), " and d 8t =(a,y; p)ip"(p, ayp; p)r in (4.1),(4.2)
respectively, and we get

_ (agq,eq;9)n
Bn - ﬂ ] n )
0.7 :4) e
(ap,yp;P)e (1 —ay)(1—p™)(a,¥;P)n
n = ) - _ . - (4.6)
@ ayp;P)e (A —a)A—y)(p,ay;pn
Substituting these values in (4.3), we get the following transformation for |e| > 1
aq,eq:a,y, p
o |29, Y
—:p,ayp, e
e
(1-ay) o|® qVa,—qVa,e:a,y;
= X a Py —
(1-a)(1—e) \/E,—\/E,?q:p,ay; TP
(1 - ay) a,gva, —qVa, e: a, y; 1
- aq q,p;= (4.7)
1-a)(1-y) | Va, —\/E,? 'p, ay; e

which on simplification gives result (3.2)
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Proof of Result (3.3)

Taking a, = (a, qVa, —qVa, B,7, 5; q)r q"/(q,Na,—a ,aq/B,aq/y,aq/8;q), , where a.= By and dr=(a, y;
p)p/(p, ayp; p)rin (4.1) and (4.2), respectively

(aq,$9,v9,69; Q)n

= , 4.8
i (q,aq/B,aq/y,aq/6; @) (+8)
_(ap,ypip)e (1 —ay)(1 —p™)(@,y;P)n
" aypin)e A-a)A-y)Day;p)n
Substituting these values in (4.3), we get the following transformation for a = Byd:
aq)ﬁqiqu é‘q:a"y; (1 — ay) a, Q\/E: _Q\/E:,B:V: 6: a,y;
d|(aq aq aq q.p;p|+ Ny aq aq aq q,p;q
-, ., ba H 1_ 1_ a —vVva,—«,—,—(.p,ay,
5y 5 PP A=) =y) " |V, —Va, 25 =% m:p,ay
_ @ ypiP)e  (29,9,¥9,69; @) (1-ay)
(p,ayp;p)e  (q,2q9/B,aq/y,aq/8q), (A—-a)(1-y)
a, q\/EJ _Q\/E; ﬁ; ]/; 5: a, y'
X & ,D; , 4.9
Va, Va5 ip,ay; PP (49

which on simplification gives result (3.3)

Proof of Result (3.4)

Taking a, = (apq; pq)(a; p)-(c; @)rc™" /((a; rq)r(q; 9)r(ap/c; p);) and 8r =(x, y; P)P/(P, xyP; P)r in (4.1)
and (4.2), respectively and we get
_ (ap;p)n(eq; @nc™
(@ Pnlap/c;pln
- (xP,yP;P)es (1 =xy)(1 = P")(x,y; P)n
" (PxyPiP)e (1= =y)(P,xy; P)p
Putting these values in (4.3), we get the following transformation for |c| > 1

X,y:ap:cq;

P
o ap  P,p,q—
xyP:7:q; b.q cl

Bn

(4.10)

(1 - xy) o [x,y: apq:a:c; Pl

= ap P
(1 _x)(l_y) xy:a:T:q; P'pq'p;Q; C
(1-xy)

TA-00-y)

which on simplification gives result (3.4)

X ®

X,y:apq: a:c; 1]

a .
xy:a:Tp:q; P,pq,p,q,c

(4.11)

Conclusion

In the preceding section, we showed how the Bailey lemma can be used to uncover novel summations and
transformations of fundamental hypergeometric series. Some of the previous section's transformations generalise
well-known formulae for transformation. Research into summation and transformation of basic hypergeometric
series can be carried out indefinitely.
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