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Introduction

Euler was the first to introduce the concept of basic hypergeometric series in 1748. But Heine
made this into a systematic theory by generalizing Gauss’ 2F1 series. Heine’s transformation
formula, Jacobi’s triple product identity, and Cauchy’s g-binomial theorem are perhaps the
foundation stones for further development of the theory of basic hypergeometric series through
the summation and transformation formulae. Since then a number of mathematicians namely
Dougall [6], Jackson [9,10], Ramanujan [11], Bailey [3,4], Slater [13], Andrews [1], Ismail [8]
and Schlosser [12] have used techniques such as residue calculus and analytic continuation and
contributed to the summations and transformations of basic and bilateral basic hypergeometric
series identities. For more details, one may refer the books by Gasper and Rahman [7] and Slater
[13]. In 1970, Andrews [2] obtained a transformation formula for bilateral basic hypergeometric
series by using an easily proved transformation lemma given below.

Lemma 1.1. Subject to suitable convergence conditions, if ¢, = X5, -0 Qm+nbm, then

The main objective of this paper is to obtain new transformations and summation formulae for
bilateral basic hypergeometric series and to give a simple proof for Jacobi’s triple product
identity using (1.1). Further, we find applications of these identities. In section 2, we present
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some standard definitions and identities. In section 3, we prove our main results. In sections 4
and 5, we present applications of our main results.

Some standard definitions and identities

In this section, we present some standard definitions and identities which will be used in the
later part of the paper. Throughout this paper, we assume that |g| < 1. The g-shifted factorial
is defined by

@ = @ @ =] [A — ag™
n=0
(@), := (a; @), * (a)°° , M, an integer.
" " (@agn)e
We use the notation
(aq,ay, az,..., ay)n = (a)n(ax),(az),...(ay), ,nan integer or co and an identity

@Dmin = @m(aq™)y,

where n is a non-negative integer. The generalized basic hypergeometric series is defined by

[oe]

(al'az'“- q;z (al)n(az)n'-'(ar)n n
bl' bz' e PO q)n (bl)n (bZ)n . (bs)n

wherer = s + 1and |z| < 1. The bilateral hypergeometric series is defined by

i V' (@@ (@),
by, by be P TE)T L b)a(b)nn (b)

by by... by

where| P

| < |z < 1

Ramanujan’s general theta function f (a, b) [5,11] is given by

flab)i=1+) (@byD2@ + b)

n=1

(00}

— Ean(n+1)/2bn(n—1)/2 , |ab| < 1.

—00
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The special cases of f (a, b) are given by

_ _ O e (4 49005 e
plak=rlaga =1+ Z;q (@ 0De(=0% ) (2.2)

N (4% q°)e
- 3y _ k(k+1)/2  —
Y(q):= f(q,9°) kzzlq @D (2.3)
feai= fa=a)= ) (D2 =@ a. @4

k=1
x(q) = (—4,q4%)(2.5)

The g-binomial theorem [7, equation (11.3), p. 354] is given by

- (@ @n 0z D
Z O L T @ De (2:6)

The two interesting special cases [7, equations (I1.1), (11.2), p. 354] which are due to Euler
are given by

i zZ 1 2.7)
— (@ On (% Do

i Q(Z)Zn _ (—Z' (I) (2 8)
2 (45 @n S '

The sum of a 1¢1 series [7, equation (11.5), p. 354] is given by

' (@ Dn o () Do
Z(q,c A A W (29)

The Sears’ transformations of 3¢2 series [7, equations (111.9), (111.10) p. 359] are given by

- (a,b,¢;

—(q, ie D (de/abc)"
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_(e/a,de/bc; q)o - (a,d/b,d/c; q),
"~ (e,de/abc; @) — (q,d,de/bc),

(e/a)", (2.10)

(a,b,¢; @n

de/abc)"
2y @ de q), /0

_ (b, de/ab,de/bc; q) & (d/b,e/b,de/abc; q),
"~ (d,e,de/abc; q)e — (q,de / ab,de/bo),

(e/a)™, (2.11)

Result and Discussion:
In this section, we prove our main results.
Theorem 3.1. We have

N (a)y, n (b/a; @) > i
FARON "mnz_m(“)nz' (3.1)

where {max|2,|= |} < |z| < 1.
Proof. Let

@, _ (=b/azyrqnDr2
N (1) " (@ Dn

Then

[oe]

o =3 by = 3 O Do 1 CHID G
" mnem o— (b; Q)m+n (q; Q)m

m=0

_ (/% 9o
(b; @)oo

on using (2.9). Hence by the transformation lemma 1.1, we obtain

(@ @)nz",
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(=b/az)"qmn—D/2 (@ D, _ (b/a; @)

= (@ Dm

z" = a; z".
L B T L B, D

The equality holds when max {|§| , |§|} < |z| < 1. Now, using (2.8) on the left-hand side

of the above identity, we obtain (3.1) due to some simplifications.

Theorem 3.2. We have

: (3.2)

z (@), 2" = (9.9/az,az; q)o

q/a,7; Qe

1
Where|z| < |z| < 1.

Proof. Let

Then

[oe]

. = (&), z", bn =

_(q/az)"
@n

man (@/aZ)"

Ch = Z am+nbm = Z(a; q)m+nZ N
o (@ Dm

m=0

__ @ 9w (@)nz"
@/ Do (@ D’

on using (2.6). Hence by the transformation lemma 1.1, we obtain

N 9/ an)" i @y G Do (@

(@Dm

= (/8 Do (@ D

The equality holds when |~ | < |z| < 1. Now, using (2.7) on the left-hand side and (2.6)
on the right-hand side of the above identity, we obtain (3.2), due to some simplifications.

Remark. Substituting (3.2) in (3.1), we obtain the well-known Ramanujan’s 1yl summation

formula [11]:

(@ Dn - (q@,b/a,az,q/az; q)c
n=—oo (b, q)n (b' Q/aiz; b/aZ; q)oo
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Theorem 3.3 (Jacobi). We have

Proof. Let

Then

[oe]

Ch = Z [ N

m=0

= (qz,—qz,—q/z; CIZ)OO,Z

%0 (3.3)
2 (—q/2)"

a, = q"°z", b, =——— .

" " (@%@

n2m (q/az)™*™ (—q/z)™
(@ Dmn @ 9)m

>a
m=0
"2 (@% 4%
@% q*),

on using (2.8). Hence by the transformation lemma 1.1, we obtain

Ms

(9%

3
[

(—q/2)™

Z i = z i (@% 4%
~ S (@% 4*)n

@% @®n

which holds for z # 0. Now, using (2.7) on the above identity, we obtain (3.3) due to some

simplifications.

Theorem 3.4. We have

B,

L e,

(b, )
£ (0,dq™)y

d
Where|i| < |z| < 1.

(@),

(de/bc)e,
~ (e, de/bcz)q :

(d/b,d/c)m

_1ym () om
L @ defbe,d), D 4

(3.4)
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Proof. Let

(b, c; q)y (—1)"q(g)(de/b62)"
a, =———=Lz" b, = .
(d,e; On (@ Dn

Then

[ee]

-y S 0.6 D, (D72 (depbeym
Cn = am+nbm TN 2

- m=0 (d' e; q)m+n (q; q)m

m=0

_06 D, (bq",cq"; Om
(de @n  £4(q,dq" eq"; @

b0y, 2" (de/bc)e z - (d/b,d/c)m
m=0 ’

(e)oo de/bc)m (d)m+n

~1)mql2) (de/boym

—1mq2) eqrym,

on using the identity obtained by letting a — oo in (2.10). Hence by the transformation

lemma 1.1, we obtain (3.4) due to some simplifications.

Theorem 3.5. We have

N
L {de),”
(b,de/bc)s, O (d/b,e/b)m . N o
- > AW ONCILO (35)
(d,e,de/bcz)q - (q.de/bc)y, £
where {max |51, | <[} < |z| < land |b| < 1.
Proof. Let
(B¢ D, (~1)"q(2) (de/bezy"
a, =————2", n = .
(d,e; On (@ Dn
Then
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0]

c, = z a b = wzmm (_1)mq(2)(de/bcz)m
n m+nPm i (d,e; q)m+n (@ Dm

m=0

_(&.c n n (bq",cq"; Pm
(d,e; @)n  (q,dq™ eq"; Q)

-1 q(2) de/boy

_(bde/bc),, = (d/b,e/b)y,
- O @, L@ defbo),,

(bq™)™

on using the identity obtained by letting a — oo in (2.11). Hence by the transformation
lemma 1.1, we obtain

[oe]

Z(—nmq@)(de/bcz)m (b c; Dn,

=0 (@ Dm P d, e q),
_ N n (b,de/bc) - (d/b,e/b),, .
= nZoo(C)nZ (d, €)oo TZ:O (q,de/bo),, (bq™)

The equality holds when max {|‘;—i| , |%|} < |z| < 1and |b| < 1. Now, using (2.8) on the
above identity, we obtain (3.5) due to some simplifications.

Theorem 3.6. We have

= (qz’ _qZ’ _1; qz)oo

z qn(n+1) (_Zq2n+2; q2)00

z) < 1. (3.6)
- (Z 4o
n=—oo
Proof. Let
ZTl
a. = qn(n+1)’b — —
" " (@% 9%
Then
¢, = Z am+nbm — Z q(m+n)(m+n+ )(qz; qZ)m
m=0 m=0

— qn(n+1)(_Zq2n+2. qZ)
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on using (2.8). Hence by the transformation lemma 1.1, we obtain

[ee] Zm [o0] [o0]
Z (qz qZ) z qn(n+1) — z qn(n+1)(_Zq2n+2; qZ)OO
m=0 ’ M ="c0

n=—oo

The equality holds when |z| < 1. Now, using (2.7) we obtain (3.6), due to some
simplifications.

Theorem 3.7. If

b Zan4n2 *®
hz=z;2mz—+z z; q? ,
(z) = (zq; 9°) {n=o % Do Z, q/%,9%)z2n
then

2 _ o, . g2
(q°,—q2z,—q/2; q°)o (3.7)

h(z) + zqh(zq®) =

(—1,92 9%

Proof. Let
-1
a, = annz ) b, = '
" " (@% gD
Then
Cp = Z A snbm = Z Z(m+n)(m+n)(2.—2)
m=0 m=0 a% 9" Im

2n+1,

2"q"* (2% ;4%
on using(2.8).
Now, using the transformation lemma 1.1, (2.7) and (3.3), we obtain due to some
simplifications,

[o¢]

- (_l)m C n . n2 n . n2 2n+1 2
m=0 n=-oo

n=—oo
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This, on simplification and by using (3.3) and (2.7), we obtain

z"q"* (4% -92,-4/2 9w
(265 4*)n (197 ¢*)e

Finally, by breaking Y.;°-_., c,, into even and odd terms, we obtain

h@) + 2ah(za%) = ) ¢,

which yields (3.7).
1. Applications of the main results

In this section, we use our main results to obtain identities involving theta and mock theta
functions.

COROLLARY 4.1

If we define the complete (bilateral) mock theta function y,.(q) of third order by

(0]

qn(n+1)
@= )
‘ R G
Then
f(=q*)
Ye(@) = 21/J(q2)f(_q2) (4.1)
Proof. We have, by (3.6),
> IGaR)) @% -2 —1; %),
= 4.2
L (-20%5 ¢ (2720 4w (*2)
Changing z to g in (4.2), we obtain, after some simplifications,
d qn(n+1) (q2’ _qZ' _1; qZ)oo
= . 4.3)
G a6 4o (
Using (2.3) and (2.4) on the right-hand side of (4.3), we obtain (4.1).
COROLLARY 4.2
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We have

[ee]

qn(n+1)/2 f(_qZ)
u (=@ Dn1 f-@)

(4.4)

n

Proof. Changing z to g? in (4.2) and then changing q to q'/? in the resulting identity, we
obtain, after some simplifications,

qn(n+1)/2

——=2(—99) - 4.5
= (4 Do Caa >
Using (2.4) on the left-hand side of (4.5), we obtain (4.4).

COROLLARY 4.3

We have

d qn(n+1)/2 zf(_q2)
(@ Dt )

(4.6)

Proof. Changing z to —q? in (4.2) and then changing g to ¢'/? in the resulting identity, we
obtain, after some simplifications,

qn(n+1)/2 _, (qZ; qZ)oo
(@ Dt (@ Do

which can be written as

qn(n+1)/2 _, (qZ; qZ)OO

= . 4.7)
— (45 D1 (4 Do
n=0
Using (2.4) on the left-hand side of (4.7), we obtain (4.6).
2. Some special cases
Changing a to —1/a and z to —bq in (3.1), we obtain
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(1@, _ (-ab) )
o P Bao /)m Z( 1/a),(=bg)" ,lal,|b] < 1

n=—o

Changing a to g2 and b to —1 in (5.1), we obtain

(o] qn ) 1 w | n
,Z‘w I+ ¢ DA+ ¢ 2(-1/¢% Qw n;o(—l/qz, Dnq"- (5.2)

Changing a to g% and b to —g3in (5.1), we obtain

q4n

o (14 ¢+ ¢ HA + ¢)A + ¢*HA + ¢"F)

(2% Deo
= 1
T U 4., 2 7 q)z(
/9% Dnq" (5.3)
Changing a to g% and b to —q in (5.1), we obtain

an

(1 + ¢ + ¢ HA + q")

_ (q 9o
T (-1/9% ¢ 9),, Z(l

/9% q)nq

(5.4)

Changing a to g2 and b to —g?in (5.1), we obtain

q3n

p— 1+ q"HA + ¢ H(A + gV + gD

@ De C
-~ (-1/4% q;q),, -1

/4% Dnd™" (53)
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