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Abstract

In this paper, we construct four summation formulas for terminating Gauss’ hypergeometric series
having argument “two" and with the help of our summation formulas. We establish two quadratic
transformations for Gauss’ hypergeometric function in terms of finite summation of combination of two
Clausen hypergeometric functions. Further, we have generalized our quadratic transformations in terms of
general double series identities as well as in terms of reduction formulas for Kampé de Fériet’s double
hypergeometric function. Some results of Rathie-Nagar, Kim et al. and Choi-Rathie are also obtained as
special cases of our findings.
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1. Introduction

Functions which are important enough to be given their own name are known as “special
function”. These include the well known logarithmic, exponential, and trigonometric functions and
extend to cover the gamma, beta, and zeta functions and the class of orthogonal polynomials, among
many others. Special functions have broad applications in pure mathematics as well as in applied
areas such as quantum mechanics, solutions of wave equations, moments of inertia, fluid dynamics,
and heat conduction.

In 1656, John Wallis was the first mathematician who used the term “hypergeometric series" in
his treatise “Arithmetica Infinitorum” to explicate the infinite series of the form 1 +a+a(a+ 1) + a(a
+1(@+2)+---.1In1730, Euler established nearly all of the significant properties of the Gamma
functions. The series 1F1 was introduced by Kiimmer (1836) and the series sF» was given by Clausen
(1828). In the theory of hypergeometric series a major development was given (although Euler and
Pfaff had been found certain important results) by Gauss (1866) on »F; series. The Hypergeometric
functions of two variables was introduced by Appell (1880) and Lauricella (1893) generalized them
to several variables.

It is interesting to mention here that the results are very important for the application point of
view, whenever hypergeometric functions reduce to gamma functions. Thus, the classical theorems
such as Gauss, Kimmer and Bailey for the series 2F1 and of Watson, Dixon, Whipple and Saalschitz
for the series 3F2 and others play an important role in the theory of hypergeometric function,
generalized hypergeometric function and in other applicable sciences. In a series of papers Lavoie et
al. (1992, 1994, 1996) studied generalizations of some of the above classical summation theorems. In
the theory of special functions, summations, transformations and reduction formulas have received
keen attention during the last few years (see Chen and Srivastava (2005), Chen et al. (2006), Chu
(2011), Kim (2009), Kim et al. (2012) and Kim et al. (2010)). Recently, in Miller (2009), Miller and

VOLUME 8, ISSUE 11, 2021 7 http://stradresearch.org/



Strad Research https://doi.org/10.37896/sr8.11/002 ISSN: 0039-2049

Paris (2011a, 2011b) and Miller and Srivastava (2010) examined the generalized hypergeometric
series (together with integer parameter differences) and derived several transformations and
summation formulas.

Influenced by the recent work of researchers Choi and Rathie (2014), Meethal et al. (2015),
Ebisu (2017), Kim, Gaboury et al. (2018, 2018), Miller and Paris (2013), Qureshi et al. (2016), and
Srivastava (2016), some new summation formulas, quadratic transformations, generalizations of
quadratic transformations and reduction formulas for Kampé de Fériet’s double hypergeometric
function are obtained in this article.

2. Preliminaries
In our present investigation, we shall make use of the following standard notations and results.

N ={1,2,3,..},Ny = NU{0} and Z; = Z~U{0} = {0, —1,—2, -3, ... }. As usual, the symbols
C,R,N,Z, R* and R~ denote the sets of complex numbers, real numbers, AAM: Intern. J., Special
Issue No. 6 (April 2020) 73 natural numbers, integers, positive and negative real numbers,
respectively. The well-known Pochhammer’s symbol (a),(a,p € C) is defined by (see Rainville
(1960)), Srivastava and Manocha (1984))

1 (p=0;a € C\ {0},
ale+D(a+2)..(a+n—1); (p=n €N;a €0,
Dn! -y =k .
(@) :F((X-i-p):_‘ TRk (a=—mnp=kkneNy;0<k<n), (9
P I'(a) 0; . (a=—-mp=kkn€eNyk>n),
=" (p=-nneN;a €C\7),
(1_‘1)11'

it being understood usually that (0)o = 1 and concluded tacitly that the Gamma quotient exists.
Generalized ordinary hypergeometric function of one variable is defined by (see Srivastava and

Manocha (1984))
(aqn); ] Qaq, Az, ..., Ay; C (k@) - oo (an)z"
AF, [ z| = AF, LZ| = Z , 2
B (bB)' B I:blﬁbZI -"'bB' ] = (bl)k(bz)k ...... (bB)kk' ( )
where denominator parameters b1, b2, . .., bB are neither zero nor negative integers, and A, B are
non-negative integers and numerator parameters al, a2, . .., aA may be zero or negative integers.
Convergence Conditions of Series (2):
Suppose that numerator parameters al, a2, . . ., aA are neither zero nor negative integers (otherwise
the question of convergence will not arise).
Q) If A <B, then series AFB is always convergent for all finite values of z (real or complex),
i.e., |z| < oo.
(i) If A=B +1and |z| <1, then series aFs IS convergent.

(iii) If A=B+1and |z| = 1, then series aFg is absolutely convergent, when
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B A
R me—Zan}>0,
m=1 n=1

(iv) If A=B+1land|z| = 1, but z# 1, then series aFg is conditionally convergent, when

B A
> b= Y anf 0.
m=1 n

=1

-1<®R

where < denotes the real part of complex number throughout this paper.
Kampé de Fériet’s Double Hypergeometric Function:

Kampé de Fériet (1921) combined and generalized Appell’s four double hypergeometric functions F1, F2,
F3, F4 (see Srivastava and Manocha (1984)) and their seven confluent forms ®1, ®2, ®3, ¥1, ¥2, =1, =2
given by Humbert (1920-21). We reminisce here the definition of general double hypergeometric function
of Kampé de Fériet (see Appell and Kampé de Fériet (1926)), Burchnall and Chaundy (1941)) in the
slightly refined notation of Srivastava and Panda (1976), Srivastava and Pathan (1979). Thus, the
appropriate generalization of the Kampé de Fériet function is given by

op (@0 0o (do): ) i S L@ Imin [ (08)Im[ (@) ]nx™y™
#0H { (eg): (96) () ™7 (&) lmen (@) m (i) Tminl

m=0n=0

-y

(3)

where (aa) denotes the array of A number of parameters as, ay, . . ., aa and

A
(@l =] [@)m.
j=1

with similar interpretation for others.
Convergence Conditions of Double Series (3) (see Srivastava and Panda (1976)):

(1) A+B<E+G+1,A+D<E+H+1,[x|<oo, |y|<oo, or
(i) (i) A+B=E+G+1,A+D=E+H+1, and

1 1
KB 4 y[@B < 1,if 4> E}.
max{|x|, |y} <1 if A<E

For absolutely and conditionally convergence of double series (3), the reader can consult an article by
Hai et al. (1992).

The Series Decomposition Identity is given by (see Srivastava and Manocha (1984))

;/\ (n) = nZOA (2n) + nZO/\ 2n+1). 4

The Reversal of the Order of Terms in Finite Summation is given by

NgE

o) = z d(n—71), (meN,. (5)
r=0

r=0
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The Series Rearrangement Formulas are given as follows (see Srivastava and Manocha (1984))

Yin=0 Zm=0E(m,n) = X7 X -0 E(m,n —m) , (6)

And

o o o [Z]
Z th(m,n) - Z i‘l’(m— 2n,n), %)
0

m=0n=0 m=0n=

provided that involved double series are absolutely convergent and [k] denotes the greatest integer for k €
R. The rest of the article is organized as follows. In Section 3, we obtain four summation formulas for
terminating Gauss’ hypergeometric series having argument “two" by means of summation formula of
Rakha and Rathie (2011), and summation formula recorded by Prudnikov et al. (1990). In Section 4, as an
application of our four summation formulas, we established two new quadratic transformations for Gauss’
hypergeometric function. In Section 5, we have generalized our quadratic transformations in terms of
general double series identities having bounded sequences. In Section 6, we obtain two results for the
reducibility of Kampé de Fériet double hypergeometric functions. In Section 7, we discuss several special
cases of Sections 4 and 6. Any values of parameters and variables leading to the results in following
sections which do not make sense are tacitly excluded.

3. Four Summation Formulas
The following four summation formulas for terminating Gauss series will be derived in this section.

First Summation Formula.

—2n,q;
2F, ’._’2]
2a+r]‘;1 ) ; r‘(1—Za—j-l-‘r)(l—”r+j)
—a . 2 2
:22“+f(a)-F1—2a—'Z (i)(_l)r 1+r—j 1+2a—r+jn’ (8)
T (=) ),

(a,1—a,2a+j,1—2a—j€C\Zy;n,j € Ny).

Second Summation Formula.

VAL

ace Lf TEEFTE)

_220+j(a)jF(1—2a—j)r=0 (r)(_) F(7«51‘)(2+2a2—r+j) , 9)
n

(a,1—a,2a+j,1—2a—j€C\Zy;nj€Ny).

Third Summation Formula.
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j lﬂ(1—2a+j+r)(1—r+j)
2F _2"'“.”2]= Al () 2 2/ (10)
H2a—j; 2207IT(1 — 2a +j) 4 rr(1+r—j)(1+2a—r—j) ’
= 2 2 n
(a,1—a,2a—j,1—2a+j€C\Zy;n,j € Ny).
Fourth Summation Formula
—2n—1,a;
Pl 2a-j; 2]
j —2a+j+r\(2—1r+]j
S} N G S S
—T(1-a) j 2 2 /),
() , (11)

" 2267i(a),T (1 - 2a +)) "
r=

F(r;j)(2+2az—r—j)n

(a,1—a,2a—j,1—2a+j€C\Zy;nj€Ny).
where the notation j r is the binomial coefficient.

4. Two Quadratic Transformations
In this section, we shall establish the following two new quadratic transformations for Gauss
series by means of series rearrangement technique and use of hypergeometric summation
formulas (8) to (11).
First Transformation. The following transformation holds true:

2b,a; 2z
—2b Yy
(1 +2)""2F, 2a+j;1+z]
j 1—-2a—j+r
= _F(l - a) (]) (_1)7" F( 2 : )
2207 (a),T(1~ 20— )) &y | \r r (=)
1 1—-r+j
b,b+§,T;
2
3 v 2a4jor 7
2 ’ |
2 — i [ 1 2—1r+j
+ 2bz [‘(r_j) x 3F, 24 2a+j—r3 z°lr, (12)
2 i 2 'E;

(b,a,1 —a,2a+j,1—2a+j€C\Zj;j € Ny).

Second Transformation. The following transformation holds true:

VOLUME 8, ISSUE 11, 2021 11 http://stradresearch.org/



Strad Research https://doi.org/10.37896/sr8.11/002 ISSN: 0039-2049

(1+2)7%b2F,

2b,a; 2z ]
2a—j;1+z

rd - a) j (j)r(1—2a2+j+r)

T 2265T(1 - 2a +)) r T+r—j
r=0 r(=+)
11—71+j
b,b+§,T:
2
*3F2l 14 2a—j—r 1 *
2 2
_ : 1 2—1+j
1..(—7' 22a+]) b+§,b+1,T];
2
+ 2bz r(r_j) X3Fa| o4 ga_j_rs  Z|p (13)
2 2 2

(b,a,1 —a,2a—j,1—2a+j€C\Zj;j € Ny).
Proof:
In order to establish first transformation (12), we proceed as follows.

Denoting the series expansion of left-hand side of transformation (12) by { and after some simplifications,
we have

_ z 2Dy (@Wm272" [Zb +m Z]
¢ (2a + j),m! 0 ;

OO @D (@2 (~ 1)z
B TZ z (2a + j)ym!n!

ziab)n(—n”zn S (D2 (=)

| ] |
P! n! o (2a + j),m!
N @Dz r-na;
= n! 2a k2]
m=0
Now, use series decomposition identity (4) in the right-hand side of Equation (17), to yield
i (Zb)zn(_l)ZnZZn - _2;; a, had (Zb)zn(_1)2n+122n+1 - —2n ; 1,a; (14)
¢= 1 1
] (2n)! 2a+j;] & (2n+1)! 2a +j;

Finally, by employing summation formulas (8) and (9) in the right-hand side of equation (14), after some
simplifications we get the right-hand side of transformation (12).

5. General Double Series Identities
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Here we generalize our quadratic transformations (12) and (13) as in the following theorems.

Theorem 5.1.

Let {&(n)},=; be a bounded sequence of essentially arbitrary complex numbers such that @(0) # 0.
Then, we have

i i ®(m +n) (@ @2 (~2)"

(2a + j)ym!n!

m=0n=0

= F(l - a) j (]) (_1)r r (1 _12a2_j - T)
2a+j ] — — g +7r—q
2 (a)]F(l 2a—j) ~ r F( ; ])
(), (e
ZCD(Z) 1+2a+j—r + r—j
(=5t et (5 )
(2_5"']) 42n+1

Zocp@n i (Ar2eti- ") @n+ 1)

(15)

provided that single and double series involved are absolutely convergent

Theorem 5.2.

Let {®(n)},~; be a bounded sequence of essentially arbitrary complex numbers such that ®(0) = 0.
Then, we have

i i d(m +n) (a)m(Zz.)m(_Z)n

(2a = j)m!n!

m=0n=0
J 1—2a+j+r
I'(l-a) N
=22“‘1F(1—2a+j) (]) ( 1+i—j )
2 e
(1—T'+j) Z2n r r—2a+j
ZQD(Z) —r+2a— ]”) (2 + ( Tij )
2 ()
(2_;'_"]') Z2n+1
n

(a,1—a,2a—j,1—2a+j€C\Zj;j € Ny).
provided that single and double series involved are absolutely convergent.

Proof:
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In order to prove Theorem 5.1, we proceed as follows.

Denote the left-hand side of double-series identity (21) by S and replacing n by n — m, after some
simplifications, we have

D" @" n,a;
S = ZCD( T 2R [y i 2] an
Using series decomposition identity (4) in Equation (23), we get

S = an(z yED @7 Dzn( ™ o, [_zn’a; 2]

2a + j;
(_1)2n+1 (Z)2n+1 —2n — 1’ a;
+ z D(2n + 1) 2, | 5g 1 2] (18)

Finally, by applying summation formulas (8) and (9) in the right-hand side of Equation (18), after
simplification we easily arrive at the right-hand side of Equation (15).

Proof: In order to prove Theorem 5.2, we proceed as follows. Denote the left-hand side of double-series
identity (16) by T and replacing n by n — m, after some simplifications, we have

NN GOk -n,a;
T = 2 B(n)——  2F; [Za_j; 2].
n=0
Using series decomposition identity (4) in Equation (25), to yield

- icp(z y D& 1)2n( Ly [_2""‘.” 2]

2a —j;
(_1)2n+1 (Z)2n+1 —2n— 1’ a;
+Z)d>(2n+1) SPeT 2F) | 54— i 2].

By employing summation formulas (10) and (11) in the right-hand side of Equation, after some
simplifications we easily obtain the right-hand side of Equation (16).

8. Conclusion

In this paper, from Section 3 to Section 7, some interesting results are obtained for single and double
hypergeometric functions, which may be potentially useful to non-specialists who are interested in
Applied Mathematics or Mathematical Physics. We conclude our present analysis by observing that
several interesting summation formulas, quadratic transformations, reduction formulas, corresponding
multiple series identities and their hypergeometric representations can be obtained with the help of some
newly derived terminating Clausen series of argument “two” in an analogous manner.

REFERENCES

1. Appell, P. (1880). Sur une classe de polynémes, Ann Sci. Ecole Norm. Sup., Vol. 9, No. 2, pp.
119-144.

VOLUME 8, ISSUE 11, 2021 14 http://stradresearch.org/



Strad Research https://doi.org/10.37896/sr8.11/002 ISSN: 0039-2049

2. Appell, P. and Kampé de Fériet, J. (1926). Fonctions Hypergéométriques et Hypersphériques:
Polynomes d’ Hermite, Gauthier-Villars, Paris.

3. Burchnall, J. L. and Chaundy, T. W. (1941). Expansions of Appell’s double hypergeometric
functions-Il, Quart. J. Math. (Oxford) Ser., Vol. 12, pp. 112-128.

4. Chen, K.-Y., Liu, S.-J. and Srivastava, H. M. (2006). Some double-series identities and
associated generating-function relationships, Appl. Math. Lett., Vol. 19, pp. 887-893.

5. Chen, K.-Y. and Srivastava, H. M. (2005). Series identities and associated families of
generating functions, J. Math. Anal. Appl., Vol. 311, pp. 582-599.

6. Choi, J. and Rathie, A. K. (2014). On the reducibility of Kampé de Fériet function, Honam
Mathematical J., Vol. 36, No. 2, pp. 345-355.

7. Chu, W. (2011). Terminating hypergeometric 2F; (2) series, Integral Transforms Spec. Funct.,
Vol. 22, No. 2, pp. 91-96.

B

8. Clausen, T. (1828). Ueber die Falle wenn die Reihey = 1 + % x + ... Ein quadrat von der
formz = 1 + Z8Y x4 hat, J. Reine Angew Math., Vol. 3, pp. 89-91.

1.61€r
9. Ebisu, A. (20 Mar 2017). On a strange evaluation of the hypergeometric series by Gosper. Il,

arXiv: 1608.04315v2 [math.CA].

10. Gauss, C. F. (1866). Disquisitiones generales circa seriem infinitam,

1. 1 + apf X +a(a+1)ﬁ(ﬁ+1) X2 + a(a+1)(a+2)ﬁ(ﬁ+1)(ﬁ+2)x3 T
1y 1.2y +1) 123y + 1)y +2)

12. Gottingen Thesis, 1812, Published in ges. Werke Gottingen, Vol. Il, pp. 437-445; 111, pp. 123-
163; 111, pp. 207-229; 111, pp. 446-460.

13. Hai, N. T., Marichev, O. I. and Srivastava, H. M. (1992). A note on the convergence of certain
families of multiple hypergeometric series, J. Math. Anal. Appl., Vol. 164, pp. 104-115.

14. Humbert, P. (1920-21). The confluent hypergeometric functions of two variables, Proc. Royal
Soc. Edinburgh. Sec. A., Vol. 41, pp. 73-96.

15. Kampé de Fériet, J. (1921). Les fonctions hypergéométriques d’ ordre supérieur a deux
variables, C. R. Acad. Sci. Paris, Vol. 173, pp. 401-404.

16. Kim, Y. S. (2009). On certain reducibility of Kampé de Fériet functions, Honam Math. J., Vol.
31, No. 2, pp. 167-176.

17. Kim, Y. S., Choi, J. and Rathie A. K. (2012). Two results for the terminating sF»(2) with
applications, Bull. Korean Math. Soc., VVol. 49, pp. 621-633.

18. Kim, Y. S., Gaboury, S. and Rathie A. K. (2018). Applications of extended Watson’s
summation theorem, Turk. J. Math., VVol. 42, pp. 418-443.

19. Kim, Y. S., Rakha, M. A. and Rathie A. K. (2010). Generalization of Kiimmer second theorem
with applications, Comput. Math. and Math. Phys., Vol. 50, No. 3, pp. 387-402.

20. Kim, Y. S., Rathie, A. K. and Paris, R. B. (2018). Evaluations of some terminating
hypergeometric ,F1(2) series with applications, Turk. J. Math., VVol. 42, pp. 2563-2575.

21. Kiimmer, E. E. (1836). Ueber die hypergeometrische Reihe

a. a(a+1 +1 a(a+1)(a+2 +1 +2

22.1 + % x 4 HETAELD 2 4 ST AP IEID 3 4o,

23. J. fir die Reine und Angewandte Math., VVol. 15, pp. 39-83 and pp. 127-172.

24. Lauricella, G. (1893). Sulle funzioni ipergeometriche a piu variabili, Rend. Circ. Mat. Palermo,
Vol. 7, pp. 111-158.

25. Lavoie, J. L., Grondin, F. and Rathie, A. K. (1992). Generalizations of Watson’s theorem on
the sum of a sF», Indian J. Math., Vol. 34, No. 1, pp. 23-32.

26. Lavoie, J. L., Grondin, F. and Rathie, A. K. (1996). Generalizations of Whipple’s theorem on
the sum of a 3F», J. Comput. Appl. Math., Vol. 72, No. 2, pp. 293-300.

VOLUME 8, ISSUE 11, 2021 15 http://stradresearch.org/



Strad Research https://doi.org/10.37896/sr8.11/002 ISSN: 0039-2049

27. Lavoie, J. L., Grondin, F., Rathie, A. K. and Arora, K. (1994). Generalizations of Dixon’s
theorem on the sum of a sF,, Math. Comp., Vol. 62, No. 205, pp. 267-276.

28. Meethal, S., Rathie, A. K. and Paris, R. B. (2015). A derivation of two quadratic
transformations contiguous to that of Gauss via a differential equation approach, Applied
Mathematical Sciences, Vol. 9, No. 17, pp. 845-851.

29. Miller, A. R. (2009). Certain summation and transformation formulas for generalized
hypergeometric series, J. Comput. Appl. Math., Vol. 231, pp. 964-972.

30. Miller, A. R. and Paris, R. B. (2011a). Certain transformations and summations for the
generalized hypergeometric series with integral parameter differences, Integral Transforms and
Special Functions, Vol. 22, pp. 67-77.

31. Miller, A. R. and Paris, R. B. (2011b). Euler-type transformations for the generalized
hypergeometric function r+2Fr+1(x), Zeit. Angew. Math. Phys., Vol. 62, pp. 31-45.

32. Miller, A. R. and Paris, R. B. (2013). Transformation formulas for the generalized
hypergeometric function with integral parameter differences, Rocky Mountain J. Math., Vol.
43, pp. 291-327.

33. Miller, A. R. and Srivastava, H. M. (2010). Karlsson Minton summation theorems for the
generalized hypergeometric series of unit argument, Integral Transforms and Special Functions,
Vol. 21, pp. 603-612.

34. Prudnikov, A. P., Brychkov, Yu. A. and Marichev, O. I. (1990). Integrals and Series, Vol. 3:
More Special Functions, Nauka, Moscow, 1986 (In Russian); (Translated from the Russian by
G. G. Gould), Gordon and Breach Science Publishers, New York, Philadelphia, London, Paris,
Montreux, Tokyo, Melbourne.

35. Qureshi, M. I, Quraishi, K. A., Khan, B. and Singh, R. (2016). Transformation formulae for
exton’s quadruple hypergeometric functions, South Asian Journal of Mathematics, Vol. 6, No.
1, pp. 31-37.

36. Rainville, E. D. (1960). Special Functions, The Macmillan Co. Inc., New York.

37. Rakha, M. A and Rathie, A. K. (2011). Generalizations of classical summation theorems for the
series 2F1 and 3F2 with Applications, Integral Transforms and Special Functions, Vol. 22, No.
11, pp. 823-840.

38. Rathie, A. K. and Nagar, V. (1995). On Kiimmer’s second theorem involving product of
generalized hypergeometric series, Matematiche (Catania), Vol. 50, No. 1, pp. 35-38.

39. Srivastava, H. M. (2016). Some families of generating functions and associated hypergeometric
transformation and reduction formulas, Russian Journal of Mathematical Physics, Vol. 23, No.
3, pp. 382-391.

40. Srivastava, H. M. and Manocha, H. L. (1984). A Treatise on Generating Functions, Halsted
Press (Ellis Horwood Limited, Chichester, U.K.) John Wiley and Sons, New York, Chichester,
Brisbane and Toronto.

41. Srivastava, H. M. and Panda, R. (1976). An integral representation for the product of two
Jacobi polynomials, J. London Math. Soc., Vol. 12, No. 2, pp. 419-425.

42. Srivastava, H. M. and Pathan, M. A. (1979). Some bilateral generating functions for the
extended Jacobi polynomial-I, Comment. Math. Uni. St. Paul., Vol. 28, No. 1, pp. 23-30.

VOLUME 8, ISSUE 11, 2021 16 http://stradresearch.org/



